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Abstract— We study informational cascades in a scenario
where a finite number of players need to decide whether to
buy a product, which is either good or bad, or not. The true
value of the product is not known to the players, but each
player has her own private information on it. Each player
observes the previous actions of other players and forms a belief
on the quality of the product. In this work, players get more
than one opportunity to act, although, a player can only buy
the product once. This is in contrast to the existing literature
on informational cascades, where each player only acts once.
We consider an exogenous random process for choosing the
players to act in each turn. We provide a characterization of
structured perfect Bayesian equilibria (sPBE) with forward-
looking strategies through a fixed-point equation of dimen-
sionality that grows only quadratically with the number of
players. We show the existence of sPBE and prove that bad
informational cascades can be avoided entirely for infinitely
patient players when the product is bad. Furthermore, we show
that for sufficiently patient players, bad informational cascades
happen only when at least half of the players have revealed
their private information.

I. INTRODUCTION

When someone has the opportunity to buy a new product
or follow a trend, she cannot be certain about its quality.
While each person has her own idea about the quality of
the product, many people together may have a better and
more accurate idea about the quality. However, in a strategic
environment, players act individually, and in order to learn
about others’ opinions, they observe each other’s actions.
This suggests that waiting to see what other people do might
provide more certainty about the quality of the product.
On the other hand, the value of many products or trends
which turn out to be beneficial can decay over time and
they are better to be adopted as early as possible. This
interaction can be formalized using a dynamic game with
asymmetric information and a discounted utility. In such a
game, players might postpone their decision to buy/adopt
until more information is revealed. This scenario generalizes
the sequential Bayesian learning to a setting with forward-
looking players.

There is an extensive literature on sequential learning with
a special focus on a phenomenon known as informational
cascade which was introduced in [1], [2] and later gen-
eralized in [3]. There are various learning models in the
literature. For instance, in [4], players only observe a random
set of past actions, in [5], players observe a noisy version of
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past actions and in [6], players observe only their immediate
predecessors’ actions. The common assumption in all of
these models is that players act only once, which allows for
easy computation of game equilibrium strategies. Some other
works where all players act in each period, yet are assumed
to be myopic by design, include [7]–[13]. There are also
works on non-Bayesian learning models where players do
not update their beliefs in a Bayesian sense [7], [14]–[18],
or do so only with some probability [19]. A survey of such
models can be found in [20].

In sequential learning settings, there may be situations
where no player has an incentive to reveal her private
information, and hence, learning stops in the system. These
situations are called informational cascades, which can hap-
pen even with fully rational players. Informational cascades
represent a universal phenomenon in sequential Bayesian
learning where players act once in a predefined sequence, i.e.,
players are myopic. In such games, players have no choice
but to either buy the product or forever forgo the opportunity
when they get to decide, which happens only once. One
might ask whether informational cascades also occur in
situations where players have multiple chances to decide,
i.e., they are non-myopic. In [21], informational cascades
were defined for a dynamic scenario with independent private
signals. However, no evidence for their occurrence was
provided. In this paper, we consider the case of dependent
private signals (dependent on the true value of a product).
Our main result is that although informational cascades seem
to be unavoidable in myopic situations, they can be avoided
with non-myopic players.

The games with myopic players are easier to analyze
because players do not have to account for how much their
estimation is going to be improved by waiting. In such set-
tings, players estimate the value of the product at the time of
playing, using the public and their private signals, and decide
according to that estimation whether to buy the product or
not. In non-myopic settings, however, players have to predict
how much they can gain (or lose) by waiting. Hence, the
equilibrium consists of the strategies that maximize players’
reward-to-go. In general, an appropriate solution concept for
dynamic games with asymmetric information is the perfect
Bayesian equilibrium (PBE). In general, finding a PBE in
a dynamic game with asymmetric information is a chal-
lenging task. Therefore, research has focused on character-
izing structured PBE (sPBE) involving strategies with time-
invariant domains. In [22]–[24], a sequential decomposition
methodology is introduced to characterize sPBE using the
independence of players’ types. Authors in [25], however,
consider dependent (conditionally independent) types and
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characterize sPBE. This characterization typically involves a
fixed-point equation (FPE) over beliefs, i.e., an uncountably-
infinite space and thus renders the subsequent analysis of the
system dynamics quite difficult.

In this paper, we consider a setting with a finite number
of players where an exogenous random process determines
whose turn it is to decide on buying the product, and leave
the marketplace forever, or wait and have the opportunity to
be chosen to decide again at future times. In this setting,
players take the future into account since they have multiple
interactions with the environment and acting myopically
might not be the best decision for them. We build on our
previous work [26]–[28] where we characterized a class
of sPBE where strategies depend on the private type of
players and the public history of previous actions, which
is summarized into a sufficient statistic with quadratic size
wrt the number of players, N . Hence, equilibrium strategies
are characterized by the solution of a simple FPE. The first
contribution of this paper is to provide existence results for
the solution of the FPE and to characterize the structure of
the solutions. Some properties have been proposed that apply
to all of the solutions of the FPE and the existence of a
specific type of strategies, i.e., threshold policies, has been
proved. The second contribution of this paper is to study
whether informational cascades can occur in this setting. We
show that when the product is bad, infinitely patient players
can entirely avoid bad informational cascades. Further, bad
informational cascades happen for sufficiently patient players
only when at least half of the players have already revealed
their private signal. This implies that at the time a cascade
occurs, a significant portion of the private information has
been shared among users.

The rest of this paper is organized as follows. In Section II
we present the model and formulate the game of non-
myopic players. In Section III we summarize our prior
work on characterizing sPBE through a FPE with quadratic
dimensionality w.r.t. N . The existence results and further
characterization of equilibrium strategies are presented in
Section IV. In Section V, we present a discussion on infor-
mational cascades. The conclusions are drawn in Section VI.
The proofs of all theorems, as well as more detailed
discussion can be found in [28].

II. PROBLEM FORMULATION

We are using the same model as the one used in [26]. We
study an infinite horizon dynamic game with N players in
the set N and discrete time. The current turn is denoted
by t, starting from t = 0. At each turn, one player is
chosen uniformly at random to act, independently between
turns. The acting player at time t is denoted by Nt (and its
realization is nt).

There is a product with a random value V ∈ V = {−1, 1}
where V = −1 means that the product is bad and V = 1
means that it is good. We define the apriori belief on V by
Q (v) = Pr (V = v) and assume for notational simplicity
that Q (v = 1) = Q (v = −1) = 1

2 .

Each player n has a private information on the product,
Xn ∈ X , {−1, 1}, with distribution

Q (xn|v) .= Pr (Xn = xn |V = v) =

{
1− p xn = v
p xn 6= v

(1)
where p ∈ (0, 1/2). The vector of private information
of players is denoted by X = (X1, ..., XN ). The private
information is independent between players conditioned on
the true value of V , so

Pr(X = x|V = v) =

N∏
n=1

Q(xn|v). (2)

The action of player n at turn t is denoted by ant , and it is
equal to 1 if player n decides to buy the product at time t
and 0 otherwise. We will define the action sets in a way that
only player nt can buy the product at time t, and she can do
that only once.

Denote a0:t−1 = (a0, ..., at−1) and n0:t = (n0, ..., nt),
with at = (ant )n∈N being the action profile. The history of
the game at time t is

ht = (v, x, a0:t−1, n0:t) ∈ Ht. (3)

We assume each player can observe all the previous actions
taken by her opponents, as well as the identity of the acting
players. Hence the common history at time t is

hct = (a0:t−1, n0:t) ∈ Hct . (4)

The common history of actions, which provide each player
n with more information about the quality of the product,
together with her private information, form the information
set of player n at time t, denoted by

hnt = (xn, a0:t−1, n0:t) ∈ Hnt . (5)

We define bt = (bnt )n∈N with bnt equal to 1 if player n
has already bought the product at time t. Since bt can be
determined recursively through the publicly observed actions
at, it is considered a part of the common history of the
players.

A player’s pure strategy is a sequence of functions from
her information sets to the corresponding action spaces (i.e.,
a decision whether to buy or not). In this work, we consider
only pure strategies. Formally, player n’s strategy is sn =
(snt )

∞
t=0, with

snt : Hnt → An (bnt , nt) (6)

where

An (bnt , nt) =

{
{0, 1} if bnt = 0 , nt = n
{0} else (7)

so that any player n can buy the product only once, and
ant = 0 for all t after the time she buys the product. In all
the turns in which we say that player n does not act (nt 6= n),
she is enforced not to buy (“play zero”). The instantaneous
reward of player n is given by

ρn (ht) = ρ(v, ant ) = vant , (8)

656



which implies that ρ(v, ant ) = v when player n buys the
product, and 0 in any other case.

Note that for player n, the unknown variables in ht are
X−n and V . Hence, we define the private belief of player
n on the variables X−n and V as µnt : Hnt → P(X−n ×V)
and denote the sequence of private beliefs by µn = (µnt )t≥0.
Taking the expectation with respect to this belief and the
strategies in (6), we define the expected reward-to-go of
player n as

Rn (st:∞, h
n
t ) = Es,µ

n
t

{ ∞∑
t′=t

δt
′−tρ (V,Ant′) |hnt

}
, (9)

where δ is the discount factor. Note that no more than one
term in the sum (9) can be non-zero.

The strategies in (6) are functions of xn, a0:t−1 and n0:t.
While a0:t−1 and n0:t are publicaly observed by all players,
xn is only known to player n. It is useful to decompose
the strategies into their common and private components as
follows.

Definition 1: Player n at time t observes hct and takes an
action ant = γnt (xn), where γnt : X → An (bnt , nt) is the
partial function from her private information to her action.
These functions are generated through some policy

ψnt : Hct → {X → An} ∀n ∈ N (10)

which operates on hct and returns a mapping from xn to an
action ant , so γnt = ψnt [h

c
t ] and ant = ψnt [h

c
t ](x

n).
Notice that there are only four possible deterministic gamma
functions γnt : wait for all values of xn (denoted by 0), buy
for all values of xn (denoted by 1), buy according to xn

(denoted by I and with the meaning buy if xn = 1 and not
buy otherwise.) and buy according to −xn. The last one is
dominated by one of the other three so it is never considered.
Hence, we are left with three possible partial strategies,
namely, γnt ∈ {0,1, I}. Furthermore, since every non-acting
player is essentially not buying (i.e., playing γnt = 0 for
n 6= nt), in the following we will drop the superscript
n and only refer to the acting player’s partial function as
γt = ψt[h

c
t ].

III. CHARACTERIZATION OF STRUCTURED PERFECT
BAYESIAN EQUILIBRIA

Our main goal is to study when an informational cascade
occurs. An informational cascade is defined as a state of the
game where learning stops since actions no longer reveal
new information. To do so, we first have to study the
equilibrium strategies of this game. Since this is a dynamic
game with asymmetric information, the appropriate solution
concept is a Perfect Bayesian Equilibrium (PBE) (See [28]
for detailed definition of PBE for our model). Finding a PBE
in a general dynamic scenario with asymmetric information
is a challenging task. Hence, we characterize structured
PBE (sPBE) as our solution concept, where the strategy for
the acting player nt depends on the common history only
through summary variables of the common belief on the
variables V,X (as well as the variable Bt−1). In particular,

we define the common belief πt ∈ P
(
V × XN

)
where

πt(x, v) := P (X = x, V = v|a0:t−1, b0:t−1, n0:t). In the
following we show that the belief πt can be updated using
only public information.

Lemma 1: The belief πt can be updated according to
πt+1 = F (πt, γt, a

nt
t , nt). In particular, if γt 6= I , the belief

is not updated.
Proof: By simple application of Bayes’ rule we have

πt+1 (x, v) = Pr (x, v|a0:t, b0:t, n0:t+1) (11a)
= Pr (x, v|a0:t, b0:t−1, n0:t) (11b)

=
Pr (x, v, at|a0:t−1, b0:t−1, n0:t)
Pr (at|a0:t−1, b0:t−1, n0:t)

(11c)

=
Pr (at|x, v, a0:t−1, b0:t−1, n0:t) Pr (x, v|a0:t−1, b0:t−1, n0:t)

Pr (at|a0:t−1, b0:t−1, n0:t)
(11d)

=
1γt(xnt ) (a

nt
t )πt (x, v)∑

x′,v′ 1γt(x′nt ) (a
nt
t )πt (x′, v′)

(11e)

Note that if γt is a constant function (i.e., γt 6= I) the
quantity 1γt(xnt )(a

nt
t ) cancels from numerator and denom-

inator of the above expression, thus resulting in πt+1 =
πt. Furthermore, whenever the denominator is zero (off
equilibrium paths) we set πt+1 = πt.

The private beliefs of players on V on equilibrium paths
are obtained by conditioning the public belief on players’
private signal, xn. More specifically, player n’s private
belief on equilibrium path is πprt (v|xn) = πt(v,x

n)
πt(xn) , where

πt(v, x
n) and πt(x

n) are marginal beliefs of πt(x, v). In
order to characterize the private beliefs off equilibrium paths
we need to define an auxiliary variable which will also be
used in characterizing sPBE.

Definition 2: Define the revealed information of player n
up to time t as the variable x̃nt ∈ {0,−1, 1} with the meaning
that x̃nt = 0 implies the player has not yet revealed her
private information, while x̃nt = ±1 means the player has
revealed and the value is as indicated. The quantity x̃nt can
be recursively updated as

x̃nt =

{
2ant − 1 γt = I, nt = n, x̃nt−1 = 0
x̃nt−1 o.w.

(12)

with the initial condition x̃n0 = 0. Note that x̃nt is a function
of x̃n0:t−1, a0:t and n0:t, or equivalently of γ0:t, a0:t and n0:t.
We use the notation x̃t = x̃−nt

t x̃nt
t = F̃ (x̃t−1, γt, a

nt
t , nt) =

x̃−nt
t−1 f(x̃

nt
t−1, γt, a

nt
t ) to summarize the recursive update of

x̃t, where

f (x̃n, γ, a) =

{
2a− 1 , γ = I, x̃n = 0
x̃n , else (13)

Acording to the definition of PBE in [28], the acting player
cannot update her belief when she is playing and hence,
she can not have the public belief πt if she has induced a
wrong belief in others by deviating. Therefore, we assume
that each player’s private belief is generated by canceling
out the information revealed by her and then including the
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player’s private signal. This is formalized as follows.

πprt (v = 1|xn) =
πt(v = 1)

(
1−p
p

)(−x̃n+xn)

πt(v = −1) + πt(v = 1)
(

1−p
p

)(−x̃n+xn)
.

(14)
Although the main reason of defining this private belief is
private off equilibrium paths, it captures both on and off
equilibrium beliefs. Note that the only private off-equilibrium
path is when a player has x = 1 and x̃ = −1 because
otherwise if a player has revealed x̃ = 1, then she has already
bought the product and left the game.

We can exploit the structure of the problem to summarize
the beliefs πt into finite-dimensional sufficient statistics.
We decompose the belief of each player on the unknown
variables x−n and v and show that each part can be updated
recursively. Moreover, these parts can be summarized into
integer variables.

The following lemma shows that the common belief
decomposes into a belief on v and a belief on x. Specifically,
it proves that the private information variables {xm} are
conditionally independent given v , hct . Further, it shows that
the common belief can be expressed in terms of x̃t.

Lemma 2: The belief πt (x, v) = Pr (X = x, V = v|hct)
can be decomposed as follows

πt (x, v) = πt (v)

N∏
m=1

πt (x
m|v) (15)

where πt (v) , Pr (V = v |hct) and πt (x
m|v) ,

Pr (Xm = xm | v, hct).
Furthermore,

πt (x
m|v) =

{
1x̃m

t
(xm) x̃mt 6= 0

Q (xm|v) x̃mt = 0
(16)

and the belief on V can be updated as

πt+1(1)

πt+1(−1)
=

πt(1)

πt(−1)
×

{(
1−p
p

)2ant
t −1

γt = I and x̃nt
t = 0

1 o.w.
(17)

Finally, the belief on V can be explicitly expressed as

πt(1)

πt(−1)
= q

∑
n x̃

n
t , (18)

with q = 1−p
p .

In order to further simplify the belief representation, we
note that the indexing of the players has no effect on the
future reward a player estimates she would get by waiting.
Since x̃ contains this information, it can be reduced to the
following two sums.

Definition 3: Define the aggregated state information as

yt =

N∑
n=1

x̃nt ∈ Y. (19)

Further, define the indicator that player n has revealed her
private information as rnt = |x̃nt |. Using znt = max {rnt , bnt },

define the number of players who cannot reveal their private
information after turn t by

wt =

N∑
n=1

znt ∈ W. (20)

Since the value function (reward-to-go) and strategy of
players with bn = 1 (have already bought the product) are
evidently 0 and γ∗ = 0, respectively, we only argue for the
players with bn = 0 and drop bn from the state variables.
We define the functions Ua : X ×{0, 1}×Y ×W → R and
U r̃na : X × {0, 1} × Y × W → R ∀r̃ ∈ {0, 1} as follows.
Ua (x, r, y, w) is the value function of the acting player n
with private information xn = x, she has revealed if r = 1
and the aforementioned state variables are (yt, wt) = (y, w).
Similarly, U r̃na (x, z, y, w) is the value function of a non-
acting player m with private information xm = x, she has
revealed if r̃ = 1 with an acting player n who can reveal her
private information if z = 0, and y, w as before.

Define the update functions Gr, Gz, Gy, Gw as follows

Gr(r, γ) =

{
1 , if r = 0 and γ = I
r , else , (21a)

Gz(z, γ, a) =

{
1 , if z = 0 and (a = 1 or γ = I)
z , else ,

(21b)

Gy(z, y, γ, a) =

{
y + (2a− 1) , if z = 0 and γ = I
y , else ,

(21c)
Gw(z, w, γ, a) = w +Gz(z, γ, a)− z. (21d)

We use the notation Gefg to denote (Ge, Gf , Gg) for any
e, f, g ∈ {r, z, y, w}.

We consider the following fixed point equation to charac-
terize the sPBE.

Fixed-Point Equation 1 (Quadratic dimension): For
every r ∈ {0, 1}, y ∈ Y , w ∈ W , we evaluate
γ∗ = φ [r, y, w] as follows
• γ∗ is the solution of

γ∗(x) = argmax

 A︸︷︷︸
0=don’t buy

,
qy+r+x − 1

qy+r+x + 1︸ ︷︷ ︸
1=buy

 ∀x ∈ X ,
(22a)

where

A =
δ

N
Ua (x,G

ryw (r, y, w, γ∗, 0))

+
δ

N
(N − w − 1 + r)

UG
r(r,γ∗)

na (x, 0, Gyw (r, y, w, γ∗, 0))

+
δ

N
(w − r)UG

r(r,γ∗)
na (x, 1, Gyw (r, y, w, γ∗, 0))

(22b)

where the value functions satisfy

Ua (x, r, y, w) =

{
A γ∗(x) = 0

qy+r+x−1
qy+r+x+1 γ∗(x) = 1

(22c)
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and for all r̃ ∈ {0, 1}

U r̃na (x, z, y, w) =

δ

N
E {Ua (x, r̃, Gyw (z, y, w, γ∗, γ∗ (Xn)))}

+
δ

N
E
{
U r̃na (x,G

zyw (z, y, w, γ∗, γ∗ (Xn)))
}

+
δ

N
(w − z − r̃)

E
{
U r̃na (x, 1, G

yw (z, y, w, γ∗, γ∗ (Xn)))
}

+
δ

N
(N − w − 2 + z + r̃)

E
{
U r̃na (x, 0, G

yw (z, y, w, γ∗, γ∗ (Xn)))
}

(22d)

where the expectation in the last equation is wrt the RV
Xn, where
Pr(Xn = xn|r̃, x, w, y) = Q(xn|−1)+Q(xn|1)qy+r+x

qy+r+x+1 .
Specifically, for z = 1 the above becomes

U r̃na (x, 1, y, w) =
δ

N
Ua(x, r̃, y, w)

+
δ

N
(w − z − r̃ + 1)U r̃na(x, 1, y, w)

+
δ

N
(N − w − 2 + z + r̃)U r̃na(x, 0, y, w). (22e)

�
Note that equations (22) have a polynomial (quadratic)

dimension wrt N , which significantly reduces the complexity
of finding sPBE compared to the general PBE.

Note that in FPE 1, although player n is deciding about her
strategy through this fixed point, the equilibrium strategies
γ∗ are used in the update function of state variables. This is
the reason why the equilibrium strategies appear in both right
hand side and left hand side of equations. See [28] for the
reason and more discussion. Furthermore, due to the structure
of the above equations, the strategies and value functions for
a given value of w depend only on similar quantities for w
or w+1. As a result, one can start from w = N and proceed
backwards, thus solving N FPEs each of dimensionality N .

IV. EXISTENCE AND STRUCTURAL PROPERTIES

The convenient form of FPE 1 allows us to characterize
further the structure of the resulting equilibria. In particular,
in this section, we show existence and structural properties of
sPBE. We first discuss an intermediate result which will be
useful in proving subsequent results in this section and also
obtaining intuition on how we can proceed to solve FPE 1.

Lemma 3: The following are true.
• For δ = 1 and all solutions of FPE 1, a player with
x = 1 is indifferent between buying and waiting for
y ≥ −1 and all w and r. Further, a player with x = −1
is indifferent between buying and waiting for y+w ≥ N
and all r.

• For δ < 1 and all solutions of FPE 1, a player with
x = 1 strictly prefers buying over waiting for y ≥ 0
and all w and r and for y = −1, r = 1, and she is
indifferent between buying and waiting for y = −1,

r = 0. Also, a player with x = −1 strictly prefers
buying over waiting for y ≥ 2, y + w ≥ N and all r
and also for y = 1, w ≥ N − 1 and r = 1, and she is
indifferent for y = 1, r = 0 and y = 0, r = 1.

• For all δ ≤ 1 and all solutions of FPE 1, for y < −1,
all w and r = 0 both players strictly prefer to wait.
Similarly, for y < −2, all w and r = 1 both players
strictly prefer to wait. Finally, For y = −2, all w and
r = 1 a player with x = 1 is indifferent between buying
and waiting and a player with x = −1 strictly prefers
to wait.

This lemma will be helpful in finding solutions of FPE 1,
as it states some general properties of any solution of the
FPE. Note that in FPE 1 both right hand side and left
hand side of equation (22a) depend on the solution γ∗.
However, Lemma 3 claims that for all of the solutions γ∗,
the aforementioned properties hold. Most of the results of
this section are direct consequences of Lemma 3.

The next theorem proposes a solution for FPE 1 for both
δ = 1 and large enough δ < 1, which refer to the cases with
infinitely patient and sufficiently patient players, respectively.
This theorem will be used to analyze informational cascades
for δ = 1 and high enough δ < 1 in the next section. As we
will see, the solution for δ = 1 will completely avoid bad
information cascades for V = −1 and the solution for high
enough δ < 1 will avoid harmful informational cascades for
V = −1 (by “harmful” we mean bad informational cascades
where at the time of the cascade, only a small portion of
the total private information has been disseminated in the
network).

Theorem 1: The following strategy profile is a solution of
FPE 1,
• For δ = 1,

– For y ≤ −2 and all w and r, γ∗ = φ[r, y, w] = 0.
– For y ≥ −1, all w < N and all r, γ∗ = φ[r, y, w] =

I .
– For y ≥ 1, w = N and r = 1, γ∗ = φ[r, y, w] = 1.
– For y = 0, −1, w = N and r = 1, γ∗ =
φ[r, y, w] = I .

• For large enough δ < 1 (which depends on N and other
parameters of the game),

– For y ≤ −2 and all w and r, γ∗ = φ[r, y, w] = 0.
– For y ≥ −1, all w such that y+w < N and all r,
γ∗ = φ[r, y, w] = I .

– For y = 1, w = N − 1 and r = 0, and for y = 0,
w = N and r = 1, γ∗ = φ[r, y, w] = I .

– For all y ≥ 2 and all w such that y + w ≥ N and
all r, γ∗ = φ[r, y, w] = 1.

– For y = 1, w ≥ N−1 and r = 1, γ∗ = φ[r, y, w] =
1.

The strategy profiles presented in Theorem 1 are depicted
in Fig. 1 and 2 for N = 11 and δ = 1 and large enough
δ < 1, respectively. It is clear how the region with the
strategy γ∗ = I (denoted by 01) is extended throughout
all the states with y ≥ −1 and w < N for δ = 1. Since
players reveal their information by playing γ∗ = I , having
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this strategy as a solution in all states with y ≥ −1 and
w < N indicates that players will reveal their private signal
throughout all of these states. This implies that at V = −1,
bad information cascades, which happen when players play
γ∗ = 1, are completely avoided.

Fig. 1. Equilibrium strategies for N = 11 and δ = 1. “00”, “01”, and
“11” denote strategies 0, I , and 1, respectively.

The next theorem presents a solution of FPE 1 for all
values of δ ≤ 1 including δ = 0, which is the myopic
scenario. Therefore, we refer to this strategy profile as the
myopic solution, although it is a solution for all values of δ.

Theorem 2: The following strategy profile is a solution of
FPE 1 for all δ.
For r = 0, and all w,

• γ∗ = φ[r, y, w] = 1 for y ≥ 2.
• γ∗ = φ[r, y, w] = 0 for y ≤ −2.
• γ∗ = φ[r, y, w] = I for −1 ≤ y ≤ 1.

Furthermore, for r = 1, and all w,

• γ∗ = φ[r, y, w] = 1 for y ≥ 2.
• γ∗ = φ[r, y, w] = 0 for y ≤ −2.
• γ∗ = φ[r, y, w] = I for −1 ≤ y ≤ 0.
• γ∗ = φ[r, y, w] can be chosen appropriately for y = 1,

as a function of δ (it is either 1 or I).

Fig. 2. Equilibrium strategies for N = 11 and large enough δ < 1. “00”,
“01”, and “11” denote strategies 0, I , and 1, respectively.

This strategy profile is depicted in Fig. 3. Notice that it
mostly consists of strategies γ∗ = 1 and γ∗ = 0 which
implies that players do not tend to reveal their private signal.
Intuitively, if a player knows that others do not reveal
their private signal, she does not gain from waiting for
more information. Hence, revelation of private signals, which
occur when γ∗ = I is played, does not happen when both
players with x = 1 and x = −1 have positive instantaneous
reward. Therefore, for all values of δ, acting myopically is
always an equilibrium.

Although the strategy profile of Theorem 2 is referred to as
a myopic strategy profile, it captures the non-myopic aspect
of the game too. For instance, at y = 1, a player with r = 0
and x = −1, does not buy the product because her value
function is positive by not buying and therefore, she gains
from waiting. But in the myopic case, her valuation is 0
for both buying and not buying and the player is indifferent
between playing a = 1 and a = 0. This implies that if we
change the apriori belief about V from Q(v = 1) = 0.5 to
Q(v = 1) = 0.5+ ε for small enough ε, this strategy profile
is an equilibrium for δ 6= 0 but not for δ = 0. This is true
because a player with x = −1 at y = 1 strictly prefers to
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Fig. 3. Equilibrium strategies for N = 11 and all δ ≤ 1, including
δ = 0. “00”, “01”, and “11” denote strategies 0, I , and 1, respectively
(The strategies for y = 1 and r = 1 are for δ = 0).

buy at the myopic setting, while this player still prefers to
wait at the non-myopic setting and for small enough ε.

The FPE 1 may exhibit more sPBE than the sPBE of
Theorem 2. Nevertheless, all these potential sPBE share
similar structure, as the next theorem shows. We have also
presented the existence results for the solutions that are
threshold policies wrt w and y in the next theorem.

Theorem 3: The following properties hold for the solu-
tions of FPE 1 for b = 0:

• All of the solutions of FPE 1 are either threshold
policies (from 0 to 1) wrt w or there exists a threshold
policy wrt w corresponding to a solution that is not of
this type.

• For δ < 1, all of the solutions of FPE 1 that are
threshold functions wrt w, must be threshold functions
wrt y for r = 0, when all other parameters are fixed.
This implies that if γ∗(x) = φ[0, y, w](x) = 1, then
γ∗(x) = φ[0, y′, w′](x) = 1 for y′ ≥ y and w′ ≥ w.
Further whenever the solution is threshold policy wrt y
for r = 0, the solutions can also be threshold policy wrt
y for r = 1.

Further, for all of the solutions of FPE 1, we have the
following properties:

• They are threshold functions wrt y for x = 1 and r = 0,
and the threshold is either y = −1 or y = 0 for all w.

• They are such that γ∗ = φ[r, y, w] = 0 for y ≤ −3 and
all other parameters, and for y = −2 and r = 0. Also,
γ∗ = φ[0, y, w] 6= 0 for y ≥ 0.

• We have γ∗ = φ[0, 0, w] = I .
• For y 6= −1, γ∗ = φ[0, y, w] = 0 for all w (constant wrt
w) or can only be either γ∗ = φ[0, y, w] = I or γ∗ =
φ[0, y, w] = 1 for all w. It implies that by changing w
and fixing other parameters, the equilibrium strategies
either do not change and are always 0, or they can
change between I and 1.

• For y = −1, both γ∗ = φ[0,−1, w] = I and γ∗ =
φ[0,−1, w] = 0 are always solutions for all w.

• For y = −2, both γ∗ = φ[1,−2, w] = I and γ∗ =
φ[1,−2, w] = 0 are always solutions for all w.

The first two parts of this theorem imply that there exist
solutions of FPE 1 that by increasing y or w, the equilibrium
strategies change from 0’s to I’s and then to 1’s. This is
evident in all of the solutons that we have proposed so far
(Fig. 1, 2, 3). Other parts present more general statements
about some parts of the solutions. For instance, as we can
see in the proposed solutions, the equilibrium strategies
are γ∗ = φ[r, y, w] = 0 for y ≤ −2, which is because
the instantaeneous reward of players is non-positive. One
can also verify other parts of the theorem by the solutions
proposed in this section.

V. INFORMATIONAL CASCADES

In this section, we employ the results of the previous
section to conclude that a bad informational cascade does not
happen at V = −1 and for δ = 1. An informational cascade
happens when players have private signals but do not act
according to their signal, i.e., they play γ∗ = φ[0, y, w] = 1
or γ∗ = φ[0, y, w] = 0. Note that this definition is based
on the strategy of players that have not yet revealed, i.e.,
with r = 0, not the ones with r = 1. Bad informational
cascade happens when V = 1 and γ∗ = φ[0, y, w] = 0 or
V = −1 and γ∗ = φ[0, y, w] = 1. These two situations
are actually the ones that should be avoided. On the other
hand, we should consider the number of players who have
already revealed when a bad informational cascade happens,
since it shows the amount of information that has already
been propagated in the system. The more the number of
players who have already revealed at the time of a bad
informational cascade is, the less harmful this phenomenon
can be. Therefore, the value of w at the time of a bad
informational cascade is important to us as we will see in the
following. Next two theorems state the results of this section
for δ = 1 and large enough δ < 1, respectively.

Theorem 4: For δ = 1, bad informational cascades can be
avoided at V = −1.

Proof: Consider the strategy profile of Theorem 1 for
δ = 1. There is no strategy γ∗ = φ[0, y, w] = 1 for players
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with r = 0. It means that at V = −1, bad informational
cascades never happen for this strategy profile.
Although Theorem 4 states that bad informaitonal cascades
can be avoided at V = −1, they will always happen at
V = 1 with positive probability due to the strategies γ∗ =
φ[0, y, w] = 0 that are played for y ≤ −2 and all w.

Theorem 5: For large enough δ < 1, there exists a sPBE
for which bad informational cascades at V = −1 happen
only when at least half of the players have revealed their
private information.

Proof: Assume that δ < 1 is large enough such that
the strategy profile of the second part of Theorem 1 is a
sPBE. This strategy profile which has been depicted in Fig. 2,
includes the strategies γ∗ = φ[0, y, w] = 1 for y ≥ 2 and
y + w ≥ N . It implies that at V = −1, a bad informational
cascade happens only when y ≥ 2 and y + w ≥ N . It
means that a bad informational cascade happens when at least
w = N

2 . Since the initial value of y is 0 and the strategies
played before reaching one of the states with y ≥ 2 and
y + w ≥ N , are all γ∗ = φ[r, y, w] = I , the value of w is
equal to the number of players who have revealed. Therefore,
a bad cascade happens only when at least half of the players
have revealed their private information.
Note that the value of δ < 1 in Theorem 5 depends on
parameters of the game such as N .

According to Theorem 5, the number of players that have
revealed at the time of a bad cascade goes to infinity as N
approaches to infinity, which implies that these informational
cascades are not considerably harmful. However, notice that
the value of δ might approach to 1 as N approaches to
infinity.

VI. CONCLUSIONS

We studied a Bayesian learning scenario with non-myopic
players. Our scenario generalizes the classic myopic and
sequential one-shot scenario where informational cascades
were first reported. In order to analyze informational cas-
cades in this scenario, an intricate analysis of the PBE of
the dynamic game was needed. By introducing structured
strategies, we constructed a FPE that have a quadratic
dimension in the number of player’s, N , and are easy to
interpret. Building on the tractability of these equations, we
have proved that they always have at least one solution and
that all solutions have similar properties. In particular, we
proved that for δ = 1, there exist a solution that avoids bad
informational cascades at V = −1. Further, we showed that
there exists a solution for large enough δ < 1 in which bad
informational cascades happen only when at least half of the
players have revealed their private signals. We also presented
some properties that all of the sPBE have, which help us get
more intuition about how players act in this setting.
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